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The theory of axisymmetric spreading has many applications in science and technology. In geophysics for instance, the
problem has important applications in the spreading of molten lava on the surface of the earth. Since in industry and even
in nature, most of the ﬂuids are well described by non-Newtonian models, we have chosen to investigate this class of power-
law ﬂuids. For Newtonian ﬂuids, a similarity solution was ﬁrst obtained by Huppert [1] and his work has been outlined by
Middleman [2]. Sherman [3] gave a slightly different derivation of a similarity solution. For non-Newtonian ﬂuids, we cite
the pioneering work of Biswas and Gupta [4] who investigated the ﬂow of a thin free layer of a non-Newtonian power-
law ﬂuid over a horizontal plane assuming the existence of a similarity solution. Betelu and Fontelos [5] investigated the
spreading of a non-Newtonian power-law drop under the effect of surface tension only and showed that for the power-
law parameter greater than unity, the governing dimensionless equation admits compact-supported source-type similarity
solutions with bounded energy dissipation rate. Gratton et al. [6] derived the governing equation for unidimensional and
axisymmetric creeping currents of a non-Newtonian liquid with a power-law rheology, generalising the usual lubriﬁcation
theory. Among their results, they obtained similarity solutions for currents whose volume varies as a power of time and they
also found analytical solutions for the spread of constant volume that are in good agreement with experiment. In a more
detailed work Myers [7] compared various non-Newtonian rheologies namely power-law, Carreau and Ellis rheologies. He
compared the three models for free surface ﬂow and ﬂow within a channel and showed that for particular choices of
parameters the Ellis model closely approximates the Carreau model. The three models were then compared for thin ﬁlm ﬂow
with a constant height free surface. For low shear rates, the power-law model gave very inaccurate predictions. Comparisons
for ﬂow in a channel showed that the power-law model gave inaccurate results due to the high viscosity around the turning
point for the velocity. Therefore, great care should be exercised when applying the power-law model, particularly when the. All rights reserved.
x: +27 11 7176149.
belman).
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above the transition range.
Starov et al. [8] investigated the spreading of drops of non-Newtonian liquids (Ostwald-de Waele liquids) over solid sur-
faces for complete wetting and small dynamic contact angles. They considered both gravitational and capillary spreading
regimes. Spreading laws for both such regimes of spreading were obtained.
Momoniat et al. [9] obtained the group-invariant solution of the problem by considering a linear combination of the Lie
points symmetries of the nonlinear diffusion equation for the surface proﬁle of the liquid drop and, in later work, Mason and
Momoniat [10] obtained the general form of the group invariant-solution of the same problem but this time with suction and
blowing of ﬂuid at the base. For the latter case, they obtained two particular solutions, each depending essentially on only
one parameter which can be varied to yield a range of models.
Neossi and Momoniat [11] investigated the existence of analytical solutions of the problem of axisymmetric spreading of
an incompressible thin power-law ﬂuid on a horizontal plane where surface tension effects are neglected. Assuming the exis-
tence of a separable solution they obtained a highly nonlinear second-order ordinary differential equation in the space var-
iable. Then they applied the linearization criteria using the theorem of Lie [12] and found that the equation is linearizable for
two values of the power-law coefﬁcient b ¼ 0 and b ¼ 2. For the former case, i.e. b ¼ 0, a new moving front solution was
obtained and for the latter case, i.e. b ¼ 2, the standard moving front solution was recovered.
In this paper, we determine all the symmetries admitted by the equation describing the axisymmetric spreading under
gravity of a thin power-law liquid ﬁlm over a horizontal plane and study the existence of the corresponding group-invariant
solutions for some values of the power-law parameter b.
The rest of the paper is organized as follows. In section 2 we derive the governing equation describing the axisymmetric
spreading under gravity of a power-law ﬂuid over a horizontal plane. In section 3 we determine all the possible Lie point
symmetries admitted by this governing equation for different values of the power-law parameter b. In section 4, we discuss
the existence of group-invariant solutions for some values of b. Finally in section 5 we present concluding remarks.
2. Formulation of the problem
In this section, we brieﬂy outline the derivation of the equation describing the axisymmetric spreading of an incompress-
ible thin power-law liquid drop on a ﬁxed horizontal plane. A complete derivation is given by Gratton et al. [6] and Myers [7].
The stress tensor is deﬁned byT ¼ pIþ S; ð1Þ
withS ¼ l tr A21
 h im
A1;
A1 ¼ ð$VÞ þ ð$VÞT ;
where p represents the pressure, I the identity tensor, l the apparent viscosity, and V the velocity vector. We use cylindrical
polar coordinates ðr; h; zÞ and the velocity vector is deﬁned byV ¼ ðv r;vh;vzÞ: ð2ÞThe ﬂow is axisymmetric ð@=@h ¼ 0Þ; and there is no ﬂow in the h direction so that vh ¼ 0; the ﬂuid is viscous and incom-
pressible. The ﬂuid variables are:v r ¼ v rðr; z; tÞ; vh ¼ 0; vz ¼ vzðr; z; tÞ; p ¼ pðr; z; tÞ:
In Fig. 1 the horizontal characteristic length, ‘‘a”, is the initial radius Rð0Þ of the liquid drop and the vertical characteristic










; ð4ÞandP ¼ qgh0: ð5Þ
Eq. (4) is obtained by balancing the pressure gradient in the r-direction with the viscous force in the same direction. Eq. (5) is
obtained by balancing the pressure gradient in the z-direction with the force of gravity in the same direction. From the con-
z = h(r,t)
   0
ho
a = R(t)   r
z
Fig. 1. Fluid over a horizontal plane.
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time is a=U.
Dimensionless variables based on the characteristic quantities are introduced as follows:t ¼ U
a
t; r ¼ r
a
; z ¼ z
h0













p; F ¼ F
F0







s:In the above quantities, F represents the body force and s the extra stress tensor. The motion of the ﬂuid is governed by the
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: ð10ÞImposing the thin ﬁlm approximationh0
a
 1; Re h0
a
 2
 1; ð11ÞEqs. (6)–(9) reduce to















0 ¼ Fh; ð13Þ














r vrð Þ þ @
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@z
















r v rð Þ þ @vz
@z
¼ 0: ð18ÞThe boundary conditions are:at z ¼ 0 : v r ¼ vz ¼ 0; ð19Þ
at z ¼ hðr; tÞ : pðr; h; tÞ ¼ p0; ðthe surface tension is neglectedÞ; ð20Þ





at z ¼ hðr; tÞ : vzðr; h; tÞ ¼ @hðr; tÞ
@t
þ v rðr; h; tÞ @hðr; tÞ
@r
: ð22ÞEq. (19) represents the no-slip condition, Eq. (20) represents the normal stress balance, where p0 is the dimensionless
atmospheric pressure, Eq. (21) represents the tangential stress balance and Eq. (22) represents the kinematic boundary
condition.










v rðr; z; tÞdz
 !
¼ 0: ð23ÞEqs. (16) and (17) are readily solved subject to the boundary conditions (19)–(21)to yieldpðr; z; tÞ ¼ p0 þ hðr; tÞ  z; ð24Þ





; ð25Þwhere b ¼ 2ðmþ 1Þ=ð2mþ 1Þ and for m R f3=4;1=2g.









: ð26ÞEq. (26) is the equation modelling the height of a thin power-law ﬁlm on a horizontal plane in the presence of gravity.
3. Symmetry analysis
In this section, we look for all the symmetries X of Eq. (26). Expanding Eq. (26), we obtainht ¼ 1ðbþ 1Þr h
bþ1hb1r þ hbhbr þ
b 1
bþ 1h
bþ1hb2r hrr ¼ Fðt; r;h;hr; hrrÞ: ð27Þ





















; ð28Þwheref1 ¼ gt þ htgh  htn1t  ðhtÞ2n1h  hrn2t  hthrn2h; ð29Þ
f2 ¼ gr þ hrgh  htn1r  hthrn1h  hrn2r  ðhrÞ2n2h; ð30Þ
f22 ¼ h3r n2hh  2hrtn1r þ hrr gh  htn1h  3hrn2h  2n2r
 	
þ h2r ghh  htn1hh  2n2rh
 	þ grr  htn1rr
 hr 2hrtn1h  2grh þ 2htn1rh þ n2rr
 	
: ð31Þ






¼ 0 ð32Þisn1Ft  n2Fr  gFh þ f1  f2Fhr  f22Fhrr ¼ 0: ð33Þ










































































































¼0: ð34ÞSince n1, n2 and g do not depend on the derivatives of h, the determining equation (34) can be separated by these derivatives
and their power. Therefore, separating Eq. (34) by hb1r hrt and h
b2
r hrt , we obtainhb1r hrt : 2
b 1
bþ 1h
bþ1n1h ¼ 0; ð35Þ
hb2r hrt : 2
b 1
bþ 1h
bþ1n1r ¼ 0: ð36Þ







hbhb1r þ bhb1hbr þ ðb 1Þhbhb2r hrr
 
þ gt
þ 1ðbþ 1Þr h
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 hrgh þ gr  hr hrn2h þ n2r
 	 
 b 1ðbþ 1Þr h





 h3r n2hh þ hrr gh  3hrn2h  2n2r




ð37ÞSeparating Eq. (37) by hb1r hrr , we obtainhb1r hrr :
ðb 1Þb
bþ 1 h
bþ1n2h ¼ 0: ð38ÞSince b–1, we have two cases namely b ¼ 0 and b–0.
 Caseb ¼ 0
From Eq. (38), n2h is not necessarily zero. Substituting b ¼ 0 into the determining equation (37) and noting that the coef-
























n2h  hrn2t  hrgh þ gr  hrn2r
  1
r
hh2r þ 2hh3r hrr
 
 h3r n2hh þ hrr gh  2n2r
 	þ h2r ghh  2n2rh 	þ grr  hr 2grh þ n2rr 	n o hh2r  ¼ 0: ð39ÞSeparating Eq. (39) by powers of derivatives of h, we obtainhr : n
2
t þ n2h þ hn2hh ¼ 0; ð40Þ
h2r hrt : g 2hgh þ hn1t ¼ 0; ð41Þ
h2r : rgrr þ gr ¼ 0; ð42Þ
h3r hrr : gr ¼ 0; ð43Þ
h1r hrr : n
2
h ¼ 0; ð44Þ
h1r : r
2n2rr þ rn2r  n2 ¼ 0; ð45Þ
1 : hghh þ gh þ gt  n1t ¼ 0: ð46Þ
We solve the system of Eqs. (40)–(46) to obtainn1ðtÞ ¼ c1t þ c2; n2ðrÞ ¼ c3r þ c4r1; gðhÞ ¼ c1h: ð47Þ
Thus the symmetry Lie algebra of Eq. (26) is four-dimensional and is generated by the operatorsX1 ¼ @
@t




; X3 ¼ r @
@r
; X4 ¼ 1r
@
@r
: Case b – 0
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 hrgh þ gr  hrn2r
 	 b 1ðbþ 1Þr hbþ1hb2r þ bhbhb1r þ ðb 2Þðb 1Þbþ 1 hbþ1hb3r hrr
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 hrr gh  2n2r




Symmetry generators admitted by Eq. (26) for different values of b.
Values of b Symmetry generators
b ¼ 0 X1 ¼ @
@t
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@r
; X4 ¼ 1r
@
@r
b ¼ 1=2 X1 ¼ @
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ever our general result for b–0 will include this particular case. We therefore assume that b–2. Separating equation (48) by












r ¼ 0; ð49Þ
hb3r hrr : gr ¼ 0: ð50Þ(1) For b–1=2ðhrÞ0 : gt ¼ 0; ð51Þ
hr : n
2
t ¼ 0; ð52Þ
hb1r : n
2  rn2r þ ðb 1Þr2n2rr ¼ 0; ð53Þ








h c3: ð55ÞThus the three symmetry generators areX1 ¼ @
@t














: ð56Þ(2) For b ¼ 1=2
Proceeding in a manner similar to the case b–1=2, we obtainn1ðtÞ ¼ 1
2
c1 t þ c2; n2ðrÞ ¼ c1 r; gðhÞ ¼ c3 h; ð57Þso that the three symmetry generators areX1 ¼ @
@t




; X3 ¼ h @
@h
: ð58ÞWe have summarized all the results of the symmetry generators admitted by Eq. (26) for various values of b in Table 1.4. Group-invariant solution
In this section, we include the complete procedure to ﬁnd the group-invariant solution for b– 0.
In this case, Eq. (26) admits three symmetriesX1 ¼ @
@t













: ð59Þh ¼ Uðt; rÞ is a group-invariant solution of Eq. (26) provided
X hUðt; rÞð Þjh¼Uðt;rÞ ¼ 0; ð60ÞwhereX ¼ c1X1 þ c2X2 þ c3X3: ð61Þ
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:We assume that c1, c2 and c3 are all non-zero, so that there are two independent non-zero ratios of constants which are
determined by two conditionsV ¼
Z RðtÞ
0
rhðr; tÞdr ¼ constant; ð62ÞandhðRðtÞ; tÞ ¼ 0 at r ¼ RðtÞ: ð63Þ





























































































































































h i ¼ c2: ð73ÞEq. (72) is valid if and only if2
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 1=ð5b2Þ  c2c1
  1
5b2 r
RðtÞ : ð77ÞThe boundary condition (63) applied with h deﬁned by Eqs. (76)–(77), and n ¼ ðc2=c1Þ
1
























n2FðnÞ  ¼ 0: ð80Þ

















5b 2 n ¼ 0: ð83ÞEq. (83) is separable for some particular values of b. For example if b is even or a rational number of the form b ¼ p=q; q–0,
where: i) p and q are such that p q is odd i.e p and q are both odd or ii) q is even and p is a given integer. We discuss the
solution of Eq. (83) in these three cases subject to Eq. (82).














and separating the equation, we haveF
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; ð85Þwhere RðtÞ is given by Eq. (74). Both hðt; rÞ and RðtÞ depend on the ratio c2=c1 which is obtained by substituting Eq. (84) in Eq.


















































dn:Making the change of variable in I from n to g by lettingg ¼ n
ðc2=c1Þ1=ð5b2Þ
;we obtainI ¼ ðc2=c1Þ1=ð2b1Þ
Z 1
0
g 1 g bb1
h i b1
2b1











g 1 g bb1
h i b1
2b1
dg:Writing the change of variable t ¼ g bb1, we obtain for b





01ð1 tÞc1dt;where a ¼ b
b 1, c
0 ¼ 2ðb1Þb and c ¼
3b 2
2b 1.
If c0 > 0 and c > 0, thenJðbÞ ¼ 1
a
Bðc0; cÞ ¼ 1
a
Cðc0ÞCðcÞ




Cðc0 þ cÞ ;
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have used Cðc0Þ ¼ Cðc0 þ 1Þ=c0. If b
b 1 > 0 (which implies c0 > 0) and
3b 2



































































: ð89ÞFrom the expression for h given by Eq. (87), we realize that for the non-Newtonian power-law case, the initial surface proﬁle


















 ! b2b1ð Þ
: ð91ÞWe now consider two cases of b=ð2b 1Þ :
 If b > 0; @h! 1 as r ! RðtÞ:
2b 1 @r
For these values of b, the solution near the outer rim is incorrect, because the thin ﬁlm approximation is not satisﬁed there.
So the surface tension, which was initially neglected, now has to be included for a better description of the spreading, as
surface tension becomes important near the outer rim r ¼ RðtÞ.
 If b
2b 1 6 0;
@h
@r
! 0 as r ! RðtÞ:
For these values of b, the above result physically reveals the presence of an extremum and Eq. (63) implies that it is a min-
imum, and the tangent at r ¼ RðtÞ is in the horizontal plane. In this case surface tension can be neglected.
For b ¼ 0, Eq. (26) does not admit a group-invariant solution. For the details of the proof, the interested reader is referred to
Neossi [15].4.1. Discussion
We brieﬂy discuss the inﬂuence of the power-law parameter on the ﬁlm proﬁle. We consider three cases: 1 < b < 2 for
shear-thickening, b ¼ 2 Newtonian, and ﬁnally b < 1 and b > 2 for shear-thinning. In Figs. 2–4, graphs of hðr; tÞ against r are
















Fig. 2. Free surface proﬁle for a shear-thickening ﬂuid, b ¼ 3=2.














t 100 t 500
Fig. 3. Free surface proﬁle for a Newtonian ﬂuid, b ¼ 2.














Fig. 4. Free surface proﬁle for a shear-thinning ﬂuid, b ¼ 11=3.
4376 S.N. Neossi Nguetchue et al. / Applied Mathematical Modelling 33 (2009) 4364–4377plotted for different values of the scaled time t and values of b chosen to illustrate the different types of behaviour of the
ﬂow. The general remark is that hð0; tÞ decreases and the radius RðtÞ increases with time for the shear-thickening, Newtonian
and shear-thinning cases. Fig. 2 shows that a shear-thickening drop ﬂows faster than the Newtonian and shear-thinning
S.N. Neossi Nguetchue et al. / Applied Mathematical Modelling 33 (2009) 4364–4377 4377drops, and Fig. 4 shows that the shear-thinning drop ﬂows slower than the Newtonian and shear-thickening drops, with the
Newtonian drop playing an intermediate role as shown in Fig. 3. The shape of the drop differs depending on the nature of the
ﬂuid, be it shear-thickening, Newtonian or shear-thinning. We notice the strong inﬂuence of the power-law coefﬁcient of the
spreading or proﬁle of the liquid drop. This behaviour of the ﬂuid drop could be predicted due to the form of the analytical
solution.
4.2. Conclusion
We derived and solved Eq. (26) which is a highly nonlinear partial differential equation modelling the axisymmetric
spreading under gravity of a thin power-law ﬂuid on a horizontal plane. We then used Lie group analysis (via invariant solu-
tion) to reduce this partial differential equation to a highly nonlinear second-order ordinary differential equation deﬁned by
Eq. (80). Through our investigations, we show that this ordinary differential equation is integrable. After reduction of this
ordinary differential equation, we show that the resulting equation is integrable for particular values of b, for instance for
b even or of the form b ¼ p=q; q–0, where p and q are both odd or q is even and p is a given integer. We then study the inﬂu-
ence of the power-law parameter b on the evolution of the proﬁle of the free surface. We notice that this parameter has a
great inﬂuence on the proﬁle of the free surface. We indicate that for b ¼ 0, Eq. (26) does not admit a group-invariant solu-
tion. Our results for the Newtonian case are in full agreement with similar work done by Momoniat et al. [9] and appear to be
a good generalization for non-Newtonian power-law ﬂuids. These results are important since non-Newtonian ﬂuids are used
in many industrial and technological applications, and the power-law constitutes a simple and widely used model.
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